Abstract The formal scattering theory is developed for the three-particle differential Faddeev equations. The theory is realised along the same line as in the standard two-body case. The solution of the scattering problem is expressed in terms of the matrix T-operator constructed from the matrix resolvent of the differential Faddeev equations. The relationships of the matrix T-operator with elements of transition operators and Faddeev T-matrix components have been established. Dedicated to the memory of Ludwig Faddeev, one of my teachers.
Faddeev formalism was reformulated in [2] for transition operators. The latter received the further development in [3] by the use of the quasi-particle method which reduces the Faddeev-type integral equations for the transition operators to the form of the effective multi-channel two-particle LippmannSchwinger (LS) equations. Another line in developing the three-body scattering formalism deals with differential form of Faddeev equations introduced in [4] . This formalism was put on a sound basis in [5] , and its application to the three-nucleon scattering problem was demonstrated therein. All three of these approaches are in extensive use in practical calculations of three-body collisions in atomic and nuclear systems.
In the context of the three-body Faddeev approach the three-body Faddeev differential equations (FDE) play a role of an extension of the Schrödinger equation, while the Faddeev integral equations (FIE) can be considered as a specific extension of the LS equations. In contrast to the two-body case there are two variants of LS equations: one corresponding to the case of free Hamiltonian resolvent taken as a driving term and the other one when the resolvent of the Hamiltonian of the system, in which only two particles interact, serves as a driving term. FIE appeared as a remedy for the crucial illness of the three-body LS equations: each of them do not possess the unique solutions [1] . Faddeev integral equations for T-matrix components [1, 6] are derived from the first variant of LS equation, the equations for transition operators are derived from the set of the LS equations of the second variant. Both variants of FIE formalism are equivalent in description of scattering, but the relationship between them and the DFE is not as straightforward as in the two-body case.
In the author's paper [7] the FDE were treated as a spectral problem for a matrix non symmetric operator. The eigenfunctions of this operator and its adjoint were constructed and the biorthogonality and completeness of eigenfunctions sets have been proven. This formed the basis of the formal scattering theory for the FDE. It was shown that the Faddeev T-matrix components used in [6] appear naturally as the matrix elements of the matrix T-operator defined from the matrix resolvent of the operator generated by DFE. Later on, some of these results were extended on the N-particle case in [8] for the differential formulation of the N-particle scattering problem worked out in [9] . In this contribution we develop essential elements of an alternative formal scattering theory for DFE, where an alternative matrix T-operator can be constructed from the transition operators.
The paper is organised as follows. Section 2 gives necessary elements of the well known formal scattering theory for the two-particle case introducing the key quantities which should be generalised for the three-particle case. Section 3 deals with the three-particle scattering. Here all principal elements of the formal scattering theory for DFE are developed. The last section concludes the paper. Throughout the paper = 1 is assumed.
On formal scattering theory for differential Faddeev equations 3 2 Two-particle scattering
The two-particle Hamiltonian h in the center of mass frame with mass-weighted relative coordinates x ∈ R 3 is given by
where ∆ x is the Laplacian and v(x) is a short-range potential. The incident wave φ(k), as a solution to the equation
is given by the plain wave φ(k) = exp{ik · x} with k 2 = k · k. Here and in the following we use two notational conventions: we systematically drop the configuration space coordinate in notations of the wave functions (and their components in the three-body case) when we write equations in the operator form, and we use the non bold letter for magnitude of the respective vector.
The two-particle scattering state ψ(k) is defined through the resolvent g(z) = (h − z) −1 by the standard formula
and by construction obeys the Schrödinger equation
The limit in (3) can be evaluated with the help of the (second) resolvent identities for the resolvents g(z) and g 0 (z) = (h 0 − z) −1 . There are two of these identities
Using (5) in (3) one obtains the representation
Using (6) in (3) one ends up with the equation
which is nothing but the familiar LS equation for the wave function. The representation (7) can further be transformed by applying the resolvent identity (6). This yields
The operator t(z) here is defined by
and due to the identity
satisfies the equation
Another equation for t(z) follows from the identity vg(z) = t(z)g 0 (z)
It has been proven that the equation (12) (or equivalently (13)) has the unique solution for a wide class of short-range potentials 1 and, therefore, the formula (9) defines the unique scattering state for the Hamiltonian h. In its turn this scattering state provides one with the unique solution to the LS equation (8) .
The formula (9) allows us also to determine the scattering amplitude. The well known asymptotic representation for the kernel of the operator g 0 (k 2 +i0)
with k ′ = kx/x leads in (9) to the following asymptotic representation for the scattering state as
Here the scattering amplitude A is given in terms of on-shell t-matrix by
where the normalised plane waveφ(k) = (2π) −3/2 φ(k) is used in the matrix element for the t-operator. Thus, the on-shell matrix elements of the t-operator defines completely the scattering amplitude and consequently the cross sections of interest. The half off-shell matrix element of the t-operator also completely defines the scattering state, as it is seen from (9), by using the standard spectral decomposition of the g 0 (z) resolvent
Thus, the t-operator plays the decisive role in determining of all key quantities of the scattering theory.
Three-body scattering
In this section the program of formal scattering theory exposed in the preceding section is realised for the three-particle scattering. The three-particle Hamiltonian H in the center of mass frame with mass weighted Jacobi coordinates is given by
Here and in what follows the Greek indices such as α, β, γ... run over the set {1, 2, 3}, also in the following the summation limits as in (18) will be dropped since the lower and the upper limits will always be 1 and 3. The two-particle interaction potentials V γ (x γ ) are assumed to be shortrange as in the section 2. Besides the total Hamiltonian H we use the channel Hamiltonians
We use the resolvents of operators H, H α and H 0 defined as
We consider the scattering problem, when the three-body scattering state is evolved from an eigenstate Φ β (p β ) of the channel Hamiltonian H β which is the solution to the channel Schrödinger equation
The explicit form of Φ β reads
where X = {x β , y β } ∈ R 6 , the two-body bound-state wave function ϕ β (x β ) obeys the Schrödinger equation (h 0 + V β − ε β )ϕ β = 0 with the binding energy ε β . The incident momentum p β is related to the energy by E = ε β + p 2 β . For keeping notational simplicity we assume that for each β there exists only one bound state of the corresponding two-body subsystem. We will also need the continuum wave functions Φ ± β (X, p β ) of the Hamiltonian H α which are given by Φ
Here ψ
are the scattering states for particles of the pair β defined in accordance to (9) .
The scattering problem for differential Faddeev equations consists in solving the set of equations
with Φ β (p β ) incident state in the β channel and zero in all others. To proceed it is useful to introduce matrix notations. Let us define matrix operators by their matrix elements
where δ αγ is the Kronecker delta, and let us introduce vectors Ψ and Φ with elements [Ψ] α = Ψ α and similar for Φ. In these notations equations (24) take the form (
The desired solution of (26) corresponding to the scattering state of interest evolved from the channel state Φ β is defined with the help of the resolvent
by the formula [7] 
where E β = ε β + p 2 β and the incident state vector is defined by components as
As in the two-body case, the limit in (28) can be evaluated by applying the second resolvent identities for G(z) and G (0) (z) = (H (0) − z) −1 . As above, there are two variants of the second resolvent identity
Using (29) for evaluation of the limit in (28) yields the expression
Applying (30) to (28), one arrives at the equation
which one immediately recognises after writing it in components
as the set of FIE for components of the wave function [1] . The representation (31) can further be transformed by using the first of the resolvent identities (29). That reduces it to the form
Here the matrix T-operator is defined by the expression
As a result, this T-operator completely defines the solution Ψ (β) of the scattering problem as in the two-body case (9) .
The study of T(z) we start from deriving equations for it. Similarly to the two-body case, two variants of equations for T(z) follow from definition (35) if the resolvent identities (29) and (30) are inserted into (35)
Equations (36) and (37) are equivalent by construction so that the solution of one satisfies another one. It is worth noting that the resolvent G(z) is reconstructed from the T-operator by the standard expression
Although equations (36) and (37) look very similar to the two-body equations (12) and (13), there is a significant difference, namely the potential operator V is non symmetric whereas the two-body potential v is symmetric. This nonsymmetry leads to the different structure of source terms in (36) and (37), which is seen from these equations written in components of matrices involved
Here
While the source term of (39) contains the potentials, the source term of (40) can be written in terms of potentials or in terms of two-body T-matrices (as it is done in (40)) by using the identity G γ (z)V γ = G 0 (z)T γ (z) (cf. (11)). Equations (39) and (40) have the typical Faddeev structure of source terms and, therefore, the existence and uniqueness of their solutions are due to the Faddeev proof given in [6] . None of the equations (39, 40) coincides with known equations for T-matrix components used in [6] or with equations for transition operators used in [2] and [3] . In this respect (39, 40) are new threebody equations of Faddeev type. On the other hand, the equations (40) have identical source term with the equations for transition operators from [2, 3] . It suggests that the solution of (40) can be found in terms of those transition operators. Indeed, let us write the expression (35) for T-operator in matrix elements of matrices involved
Let us now use the expression for the matrix elements G γµ (z) of the resolvent G(z) in terms of the resolvent G(z) of the three-particle Hamiltonian H
which can be verified by direct calculation. Inserting (42) into (41), after some algebra, one arrives at the following representation for T αβ (z)
where
αβ (z) is the Lovelace transition operator [2] and U αβ is the AGS transition operator [3] , then the equations
establish explicit relationships between the elements of T-operator matrix and transition operators used in [2] and [3] . For completeness we give here also the expression for T αβ (z) in terms of Faddeev T-matrix components [6] , which are defined by
By direct calculation one can obtain the expression
Inserting (48) into (43), we get the relationship between our T-operator components and Faddeev T-matrix components
The following quantity
where the operator T αβ acts to the left, is important for application. By noting that
i.e. the left action on Φ α (p α ) of all of three operators is identical if the energy is taken properly:
We have described in details properties of T(z) operator. Let us now turn to the solution of the scattering problem (34) for wave function components. Writing it down in components yields
By using the spectral decomposition for the resolvent G α (z), we obtain the detailed representation for the components of the wave function
where U αβ and U
αβ are given by expressions
HereΦ andΦ ± are normalised states:
As it is usual for spectral representations, the results for signs ± in (54) are equal to each other. From the representations (53) and (54) it is possible to calculate the asymptotic form of U αβ and U (0) αβ using a technique from [10] . For U αβ (y α , p β , E β ) as y α → ∞, the result reads
where X = x 2 α + y 2 α , k α = E β x α /X and p α = E β y α /X. The coefficient in front of 3D spherical wave in (55) is the scattering amplitude
for elastic α = β and rearrangement α = β scattering. The sum of coefficients standing in front of 6D spherical wave in (56) gives the breakup amplitude
since the three-body wave function is reconstructed from the components by
α .
Conclusion
The principal elements of the formal scattering theory for Faddeev differential equations have been developed along the line which follows the standard twobody formal scattering theory. As in the standard case, T-operator, which is the 3 × 3 matrix, plays the central role. It is shown that all principal quantities of the three-body scattering theory such as wave function, its Faddeev components and elastic, rearrangement, and breakup amplitudes can be constructed from the matrix T-operator. The case of scattering state evolved from the incident configuration with two bound particles and one free particle have been considered in details. It should be emphasized that the breakup amplitudes are calculated directly as matrix elements of T-operator (58) between appropriate channel states similarly to elastic and rearrangement amplitudes (57). The scattering problem, when all of three particles are free in the incident configuration, can also be treated by the method developed here, and it will be done elsewhere. The derived relationship (46) can be useful in practical applications, since the well established solution method of [3] can be applied for calculating first U αβ operators and then the wave function components can be calculated by applying (46) and (51).
The inclusion of the Coulomb interaction in the formalism is also possible in perspective. The modification of the FDE by splitting of long-range potentials into long-range tail part and short-range core part given in [11] in combination with explicit representations for wave functions of core Coulomb potential and tail Coulomb potential [12] will be a basis for the Coulomb case treatment.
